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Abstract
A square real matrix A is called a strong sign nonsingular matrix (or S2NS matrix) if all the
matrices with the same sign pattern as A are nonsingular and all the inverses of these matrices
have the same sign pattern. The digraphs associated with S2NS matrices are called S2NS digraphs.
In this paper, we give necessary and sucient conditions in terms of the forbidden subdigraphs
for some classes of digraphs to be S2NS digraphs. These classes of digraphs are generalizations of
the classes of digraphs studied in Brualdi and Shader (Matrices of sign-solvable linear system,
Cambridge University Press, Cambridge, 1995) and Shao (Linear Algebra Appl. 282 (1998)
221{232). ? 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
A signed digraph S is a digraph where each arc of S is assigned a sign +1 or −1.
The sign of a subdigraph S1 of S is dened to be the product of the signs of all the
arcs of S1, denoted as sgn(S1).
A signed digraph S is called a \strong sign nonsingular" (S2NS) signed digraph if
S satises the following two conditions:
The sign of every cycle of S is negative: (1.1)
Every pair of paths in S with the same initial vertex and the same
terminal vertex have the same sign: (1.2)
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S2NS signed digraphs have close relationships with \strong sign nonsingular matri-
ces" (S2NS matrices) which form an important class of matrices in qualitative matrix
theory [3, Chapter 7]. In fact, a square real matrix with a negative main diagonal is an
S2NS matrix if and only if its associated signed digraph is an S2NS signed digraph.
In this sense, the study of S2NS signed digraph is essentially equivalent to the study
of S2NS matrices.
S2NS matrices also have close relationships with sign-solvable linear systems which
have interesting applications in qualitative economics (for details see [1,3]).
A digraph D is called an S2NS underlying digraph (or simply S2NS digraph) if the
arcs of D can be suitably assigned the signs so that the resulting signed digraph is an
S2NS signed digraph (such signing of the arcs of D is called an S2NS signing of D).
The study of S2NS digraphs is essentially equivalent to the study of the zero patterns
of S2NS matrices.
It is easy to see from the denitions that any signed subdigraph of an S2NS signed
digraph is an S2NS signed digraph, and so any subdigraph of an S2NS digraph is still
an S2NS digraph.
A digraph which is not an S2NS digraph is also called an \S2NS forbidden con-
guration" (or simply a \forbidden conguration"). If D is a forbidden conguration,
but any proper subdigraph of D is not a forbidden conguration, then D is called a
\minimal forbidden conguration" (MFC).
It is clear that any forbidden conguration contains a MFC as its subdigraph.
Now we introduce some operations on digraphs which can preserve the property of
being, or not being, S2NS digraphs.
Let D be a digraph. A splitting on a vertex x of D means inserting a new vertex
x1, a new arc (x; x1), and replacing each arc of D of the form (x; v) by the arc (x1; v).
A subdivision on an arc (u; v) of D means deleting the arc (u; v) and then inserting a
new vertex u1 and two new arcs (u; u1) and (u1; v).
It is not dicult to verify that [3,6], if a digraph D1 can be obtained from D by
nitely many steps of vertex splittings and arc subdivisions, then D is an S2NS digraph
if and only if D1 is.
The reverse digraph D0 of a digraph D is a digraph obtained by reversing the direc-
tions of all the arcs of D. It is easy to see that D is an S2NS digraph (or a MFC) if
and only if D0 is.
Now we give some examples of MFCs.
Example 1.1 (Thomassen [6]). Let D3 be the digraph with three vertices v; x; y, and
four arcs (x; y), (y; x), (x; v) and (y; v). Then (it is not hard to verify that) D3 is not
an S2NS digraph. In fact, any arc subdivision of D3 (and its reverse digraph D03) is a
MFC. Also, any vertex splitting of an arc subdivision of D3 contains an arc subdivision
of D3 as its subdigraph.
Example 1.2 (Shao [5]). Let k>2 be a positive integer and t1; t2; : : : ; tk be nonnegative
integers. Let P(ti) be an undirected path of length ti with two end vertices ui and vi. Let
J.-Y. Shao, Z.-X. Hu /Discrete Applied Mathematics 105 (2000) 159{172 161
Fig. 1. The digraph D(t1; : : : ; tk).
G(ti) be the digraph obtained by replacing each edge of P(ti) by a pair of oppositely
directed arcs (i = 1; 2; : : : ; k).
Take D(t1; : : : ; tk) to be a digraph (as in [5, Theorem 2.1]) obtained by adding to the
disjoint union of G(t1); : : : ; G(tk) the new vertices y1; y2; x1; x2; : : : ; xk and the following
four sets of new arcs (see Fig. 1):
(xi; vi) (i = 1; : : : ; k); (1.3)
(xi; ui+1) (i  1; : : : ; k (mod k)); (1.4)
(ui; y1) (i = 1; : : : ; k); (1.5)
(vi; y2) (i = 1; : : : ; k): (1.6)
Then D(t1; : : : ; tk) is a MFC when t1 +   + tk is odd (for proofs see [5]).
Next we modify the denitions in Example 1.2 and thus generalize the digraphs
D(t1; : : : ; tk) into the following new family of digraphs.
Example 1.3. Let I be a subset of the index set f1; : : : ; kg. Replacing the subsets of
arcs of D(t1; : : : ; tk) in (1.5) and (1.6) by the following two new sets of arcs:
(ui; y1); (vi; y2) (i 2 I); (1.7)
(ui; y2); (vi; y1) (i 62 I) (1.8)
and denoting the resulting digraph by DI (t1; : : : ; tk). Then similar to the proofs in [5],
it can be proved that all the digraphs DI (t1; : : : ; tk) are MFCs when t1 +   + tk is odd.
From the above examples and the hereditary property (for subdigraphs) of the S2NS
digraphs, we naturally obtain the following two necessary conditions (in terms of the
forbidden subdigraphs) for a digraph D to be an S2NS digraph:
(C1) D contains no subdivisions of D3 and D03.
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(C2) D contains no subdigraph which can be obtained from some DI (t1; : : : ; tk) or its
reverse digraph (with k>2 and t1+   + tk odd) by nitely many steps of vertex
splittings and arc subdivisions.
In the study of S2NS matrices and S2NS digraphs, an important problem is the
characterizations of S2NS digraphs, especially the characterizations of S2NS digraphs
in terms of the forbidden subdigraphs (because of the hereditary property of S2NS
digraphs). Since a digraph is an S2NS digraph if and only if it does not contain any
MFC as its subdigraph, it follows that the characterization problem for S2NS digraphs
is equivalent to the following problem.
Problem 1. Find all the MFCs.
Up to now, Problem 1 is unsolved yet. But there are progresses in the study of this
problem. Thomassen [6] rst gave the MFCs D3 and D03 (and their arc subdivisions),
and proved that the necessary condition (C1) for S2NS digraphs is also sucient for
the class of strongly connected digraphs [6, Theorem 1]. This result was extended to
the class of digraphs having a unique initial (or terminal) component [5, Theorem 3.1].
Brualdi and Shader [3, p.188] gave a new family of MFCs  t (which is isomorphic to
the digraph D(t; 0) given in Example 1.2), and thus showed that the necessary condition
(C1) for S2NS digraphs is not sucient in general. They also proposed the problem
about the existence of new MFCs other than those subdivisions of D3 and D03, and
those vertex splittings and arc subdivisions of  t . In [5], the rst author of this paper
obtained an answer to this problem by constructing a family of new MFCs D(t1; : : : ; tk)
as given in Example 1.2.
Now, just like the progresses from D3 to  t and the progresses from  t to
D(t1; : : : ; tk), Brualdi and Shader’s problem can naturally be generalized to the fol-
lowing problem:
Problem 2. Are the necessary conditions (C1) + (C2) for S2NS digraphs sucient?
This problem is clearly equivalent to the problem about the existence of new MFCs
other than those digraphs which can be obtained from the digraphs in Examples 1.1{1.3
by nitely many steps of vertex splittings and arc subdivisions.
In this paper, we study Problem 2 in two aspects. On the one hand, we give an
example to show that the necessary conditions (C1) + (C2) are still not sucient in
general cases. On the other hand, just like Thomassen considered the suciency part of
condition (C1) in the special class of strongly connected digraphs, we will show that
the necessary conditions (C1)+(C2) for S2NS digraphs are sucient for the following
two special classes of digraphs:
Case 1: The class of digraphs which have the same condensation digraphs with the
digraphs D(t1; : : : ; tk).
(For the denition of condensation digraphs, see Section 2 or [2].)
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This class of digraphs is clearly a generalization of the family of digraphs
DI (t1; : : : ; tk) given in Example 1.3. (Also, the results for this class will be used in the
proofs of the other results of this paper.)
Case 2: The class of digraphs which contain at most two terminal (or two initial)
components and contain no arcs between dierent intermediate components.
Here an initial (or terminal) component H of D is a component such that there is
no arc of D from a vertex outside H (or in H) to a vertex in H (or outside H), and
an intermediate component is a component which is neither an initial component nor
a terminal component.
It is not hard to see that all digraphs in the rst class are contained in the second
class, so the second class is a further generalization of the rst class.
2. The class of digraphs having the same condensation digraphs with D(t1; : : : ; tk)
In this section, we generalize the class of digraphs DI (t1; : : : ; tk) given in Example
1.3 to a new class of digraph consisting of those digraphs which have the same con-
densation digraphs as those D(t1; : : : ; tk). We will give several necessary and sucient
conditions (in terms of the forbidden subdigraphs) for the digraphs in this class to be
S2NS digraphs.
First we need some properties of those signed digraphs with all cycles positive.
Lemma 2.1. Let S be a strongly connected signed digraph such that the sign of every
cycle of S is positive. Then we have:
(1) Every closed walk of S is positive (the sign of repeated arcs are counted
repeatedly).
(2) Every pair of walks in S from a xed vertex x to a xed vertex y have the same
sign.
(3) Each walk W1 from x to y has the same sign as each walk W2 from y to x.
Proof. (1) Every closed walk is an (arc) union of several cycles.
(2) There is some walk R from y to x in the strongly connected digraph S. Now both
P+R and Q+R are closed walks, so by (1) we have sgn(P)sgn(R)=1=sgn(Q)sgn(R),
and thus sgn(P) = sgn(Q).
(3) This follows from (1) and the fact that W1 +W2 is a closed walk in S.
From Lemma 2.1 we can dene a sign s(x; y) for each pair of vertices x; y in a
strongly connected signed digraph S with all cycles positive such that s(x; y) equals to
the common sign of all the walks in S from x to y or y to x. It is easy to see that the
sign s(x; y) dened in this way satises s(x; y) = s(y; x) and the following (triangular)
relation:
s(x; y)s(y; z) = s(x; z) (2.1)
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and therefore we have
s(x1; y1)s(x1; y2)s(x2; y1)s(x2; y2) = s(y1; y2)s(y1; y2) = 1: (2.2)
Using (2.2) we can dene a sign for any four ordered vertices in a strongly connected
S2NS digraph in the following way.
Denition 2.1. Let D be a strongly connected S2NS digraph, let x1, x2, y1, y2 be four
vertices of D (not necessarily distinct). Dene the sign s(x1; x2; y1; y2) so that for any
S2NS signing f of D, we have
s(x1; x2; y1; y2) = sf(x1; y1)sf(x1; y2)sf(x2; y1)sf(x2; y2);
where sf(x; y) is dened to be the common signs of all the paths from x to y in D
under the S2NS signing f.
We now verify that the sign s(x1; x2; y1; y2) is well dened. Let g be another S2NS
signing of D. Using the signings f and g we dene a new signed digraph S with D
as its underlying digraph, so that the sign s(e) of any arc e in S is dened to be
s(e) = sf(e)sg(e):
Then for any cycle C of S, we have sgn(C) = sgnf(C)sgng(C) = (−1)(−1) = 1. So
for any pair of vertices x; y in S, the sign s(x; y) can be dened as above and by (2.2)
we have
1 =
2Y
i; j=1
s(xi; yj) =
2Y
i; j=1
sf(xi; yj)
2Y
i; j=1
sg(xi; yj);
namely,
2Y
i; j=1
sf(xi; yj) =
2Y
i; j=1
sg(xi; yj):
This means that the sign s(x1; x2; y1; y2) is well dened.
We also need the following concept of the so-called \double-path" digraphs.
A digraph D is called a uv-double path if D consists of a path from u to v and
a path from v to u. A uv-double path D is a minimal uv-double path if any proper
subdigraph of D is not a uv-double path. Clearly, every uv-double path contains a
minimal uv-double path as its subdigraph. It is proved in [4] that the minimal uv-double
paths have the following structure.
Lemma 2.A (Shao [4]). Let D be a minimal uv-double path. Then D has the structure
as shown in Fig. 2.
Thus D can be obtained from an undirected path (which is considered as a sym-
metric digraph obtained by replacing each edge by a pair of oppositely directed arcs)
by nitely many steps of vertex splittings and arc subdivisions.
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Fig. 2.
Fig. 3.
Fig. 4. The digraph  .
The following technical lemma will be used in the proof of the main results of this
section.
Lemma 2.2. Let D be a digraph consisting of a strongly connected subdigraph G,
together with four arcs (u1; x1); (u2; x2); (y1; v1) and (y2; v2); where the four ver-
tices x1; x2; y1; y2 (not necessarily distinct) are in G and the four (distinct) vertices
u1; u2; v1; v2 are not in G (see Fig. 3).
Suppose D contains no subdivisions of D3 and D03; and the sign sG(x1; x2; y1; y2) for
the four vertices x1; x2; y1; y2 in the strongly connected S2NS digraph G is dened as
in Denition 2:1. Then there exist a subdigraph G1 of G; a nonnegative integer  and
some digraph   as in Fig. 4 (where the number of cycles of   is  and all cycles
of   are cycles of length 2) satisfying the following two conditions:
(1) sG(x1; x2; y1; y2) = (−1).
(2) The subdigraph G1 + (u1; x1) + (u2; x2) + (y1; v1) + (y2; v2) of D can be obtained
from   by nitely many steps of vertex splittings and arc subdivisions.
Proof. Take a minimal x2y1-double path W = P + Q (where P is a path from y1 to
x2 and Q is a path from x2 to y1) in G. Let R1 be a shortest path from x1 to W (say,
with terminal vertex x01) and let R2 be a shortest path from W to y2 (say, with initial
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Fig. 5.
Fig. 6.
vertex y02). Let u (and v) be a common vertex of P and Q which is nearest from x
0
1
(and to y02) among all the common vertices of P and Q. See Fig. 5.
Now we assume that R1 and R2 have no common vertices and that u preceeds v
under the direction of P and v preceeds u under the direction of Q. Since the proofs
for the other cases are similar to this case, we may just give the proofs for this
case.
Take the subdigraph W1 = uPv + vQu of W , then W1 itself is a minimal uv-double
path. Let  be the number of cycles in W1.
Take a subdigraph G1 of G which is obtained by adding to W1 the path x2Qv from
x2 to v, the path vWy02 + R2 from v to y2, the path R1 + x
0
1Wu from x1 to u and the
path uQy1 from u to y1, see Fig. 6. Then it is not dicult to see from Fig. 6 that
G1 + (u1; x1) + (u2; x2) + (y1; v1) + (y2; v2) can be obtained from   by nitely many
steps of vertex splittings and arc subdivisions.
On the other hand, take a xed S2NS signing f for the strongly connected S2NS
digraph G, and let s(D0) denote the sign of a subdigraph D0 of G under this S2NS
signing f. Then we have
sG(x1; x2; y1; y2) = sf(x1; y1)sf(x1; y2)sf(x2; y1)sf(x2; y2)
= [s(R1)s(x01Wu)s(uQy1)]  [s(R1)s(x01Wu)s(uPv)s(vWy02)s(R2)]
[s(x2Qv)s(vWy02)s(R2)]  [s(x2Qv)s(vQu)s(uQy1)]
= s(uPv)  s(vQu) = (−1)
hence the lemma is proved.
Let D be a digraph. The condensation digraph D^ of D is a digraph where each
strong component Gi of D corresponds to a vertex vi of D^, and there is an arc from
vi to vj in D^ if and only if i 6= j and there is some arc from Gi to Gj in D.
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Fig. 7.
Now suppose D is a digraph having the same condensation digraph with the digraph
D(t1; : : : ; tk) in Example 1.2, and suppose D contains no subdivisions of D3 and D03.
Then all the arcs of D coming out of some initial component I must start from the
same vertex in I , so the S2NS property for D is unchanged if we replace each initial
component by a single vertex. The same arguments work for the terminal components.
In view of this, we may assume that all the initial and terminal components of D are
trivial components (containing only one vertex), and so D has the form as in Fig. 7
(where G1; : : : ; Gk are all the intermediate components of D).
Now we can prove our main results in this section.
Theorem 2.1. Let D be a digraph containing no subdivisions of D3 and D03; and
having the same condensation digraph with D(t1; : : : ; tk) as in Fig. 7. Let the sign
s(xi1; xi2; yi1; yi2) be dened as in Denition 2:1 for the four vertices xi1; xi2; yi1; yi2
in the (intermediate) strong component Gi (i = 1; : : : ; k). Then the following three
conditions are equivalent:
(1) D is an S2NS digraph.
(2) D satises the condition (C2).
(3)
Qk
i=1 s(xi1; xi2; yi1; yi2) = 1.
Proof. (1) ) (2): Obvious.
(2) ) (3): Applying Lemma 2.2 to each intermediate component Gi of D, we con-
clude that there exist nonnegative integers 1; : : : ; k with s(xi1; xi2; yi1; yi2)=(−1)i (i=
1; : : : ; k) and a subdigraph D0 of D which can be obtained from some DI (1; : : : ; k)
by nitely many steps of vertex splittings and arc subdivisions. But now (2) implies
that 1 +   + k is not odd, so we have
kY
i=1
s(xi1; xi2; yi1; yi2) =
kY
i=1
(−1)i = 1:
(3) ) (1): Since D contains no subdivisions of D3 and D03, each strong component
Gi of D is an S2NS digraph [6, Theorem 1]. Take a xed S2NS signing for each
Gi, and let s(u; v) be the common sign of all the paths from u to v in Gi under
this S2NS signing. We hope to extend these S2NS signings for Gi (i = 1; : : : ; k) to an
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S2NS signing of the whole digraph D. For this purpose, we denote the (undetermined)
sign of the arc (xi; xi2) as ai, the sign of the arc (xi; x(i+1);1) as bi, the sign of the arc
(yi1; y1) as ci and the sign of the arc (yi2; y2) as di. Here ai; bi; ci; di (i=1; : : : ; k) are
unknowns.
For each i=1; : : : ; k and j=1; 2, any path from xi to yj in D has one of the following
two forms:
(xi; xi2) + P(xi2; yij) + (yij; yj); (2.1)
(xi; x(i+1);1) + P(x(i+1);1; y(i+1); j) + (y(i+1); j ; yj); (2.2)
where P(xi2; yij) (and P(x(i+1);1; y(i+1); j)) is some path in the strong component Gi (and
Gi+1). So the unknown signs ai; bi; ci; di (i=1; : : : ; k) are only required to satisfy the
following relations:
[ais(xi2; yi1)ci][bis(x(i+1);1; y(i+1);1)ci+1] = 1 (i = 1; : : : ; k);
[ais(xi2; yi2)di][bis(x(i+1);1; y(i+1);2)di+1] = 1 (i = 1; : : : ; k): (2.3)
Through the correspondence from the multiplicative group f1;−1g to the additive group
of the nite eld F2 = f0; 1g, the above system of equations (2.3) can correspond to
a linear system of equations over F2 (with 2k equations and 4k unknowns). Now
condition (3) of this theorem implies that the sum of all the rows of the augmented
matrix of that linear system is a zero vector over F2. On the other hand, by writing
out the coecient matrix of that linear system, it is not hard to nd a nonzero minor
of order 2k − 1 in the coecient matrix, so for that linear system we have
rank of coecient matrix = rank of augmented matrix = 2k − 1: (2.4)
So this linear system is solvable in F2. Therefore (2.3) has a solution for ai; bi; ci; di
in f1;−1g (i=1; : : : ; k). This means that those S2NS signings for Gi (i=1; : : : ; k) can
be extended to an S2NS signing of D, and so D is an S2NS digraph.
The above Theorem 2.1 actually means that, for the class of digraphs having the
same condensation digraph with D(t1; : : : ; tk) the necessary conditions (C1) + (C2) are
also sucient.
The following corollary is a further extension of Theorem 2.1 which will be used
in the proofs of the main results in Section 3.
Corollary 2.1. Suppose a digraph D satises all the hypotheses of Theorem 2:1 and
one of conditions (1){(3) in Theorem 2:1. Then for any intercomponent arc e (an
arc with two ends in dierent components) of D; any S2NS signing of Dnfeg can be
extended to an S2NS signing of D.
Proof. We use the notations as in the part (3) ) (1) of the proof of Theorem 2.1.
Now no matter the undetermined sign of the arc e is some ai, or some bi, ci, or di,
it appears in exactly two equations of (2.3). Suppose Dnfeg has some S2NS signing,
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then the subsystem of (2.3) consisting of those 2k − 2 equations which do not contain
the undetermined sign of the arc e already has a solution in f1;−1g. We then suitably
choose the sign of the arc e so that it satises one of the two remaining equations of
(2.3). Now this sign of the arc e must also satisfy the last remaining equation of (2.3)
since the products of the both sides of all the equations of (2.3) are equal to 1 by
condition (3) of Theorem 2.1. So this sign of the arc e together with the given S2NS
signing of Dnfeg gives an S2NS signing of D.
3. Further study of the necessary conditions (C1) and (C2)
In this section, we will show that the necessary conditions (C1)+(C2) for S2NS
digraphs are also sucient for the class of digraphs satisfying the following two con-
ditions:
(C3) D contains at most two terminal (or two initial) components.
(C4) D contains no arcs between dierent intermediate components.
It is easy to see that if D has the same condensation digraph as D(t1; : : : ; tk), then
D satises conditions (C3) and (C4), so this class of digraphs is a generalization of
the class of digraphs studied in Section 2. First, we give an example to show that in
general cases, the necessary conditions (C1)+(C2) for S2NS digraphs are not sucient.
Example 3.1. Let D be the digraph as in Fig. 8.
By direct verications we can see that D satises conditions (C1) and (C2). On the
other hand, D is not an S2NS digraph. For otherwise, let S be an S2NS signed digraph
with D as its underlying digraph, and let a1; : : : ; a7, b1; : : : ; b7 and x; y; z be the signs
of the arcs of S as indicated in Fig. 8. Then by the denition of S2NS signed digraph
we must have
a1b1a2b2 = 1;
a1xzb4a2b5 = 1;
a3yb1a4b3 = 1;
a3zb6a4b7 = 1;
a6b2a7b3 = 1;
a5b4a6b5 = 1;
a5b6a7b7 = 1;
xy =−1:
Multiplying these eight equations we obtain 1 = −1, a contradiction. So D is not an
S2NS digraph.
Now we prove that for the class of digraphs satisfying conditions (C3) and (C4),
the necessary conditions (C1)+(C2) for S2NS digraphs are also sucient.
Theorem 3.1. Let D be the class of digraphs satisfying the four conditions (C1)
{(C4). Then every digraph in D is an S2NS digraph.
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Fig. 8.
Fig. 9.
Proof. Suppose not; let D be a non-S2NS digraph in D with the minimal total number
of vertices and arcs. We claim that this digraph D must satisfy the following conditions
(i){(iii):
(i) D contains no arc from some initial component to some terminal component.
For otherwise, let e= (x; y) be such an arc. Then by the minimality of D we know
that Dnfeg is an S2NS digraph, so there is an signed digraph Se with Dnfeg as its
underlying digraph. We then assign a sign to the arc e so that this sign is the same
as the common sign of all the paths in Se from x to y (if any). Then it is easy to
verify that the resulting signed digraph is an S2NS signed digraph, contradicting the
assumption that D is not an S2NS digraph.
(ii) For any initial component G of D, there are arcs connecting G to at least two
dierent components G1 and G2. (From (i) we know that such G1 and G2 must be
intermediate components.)
For otherwise, then either G is an isolated component of D, or there is only one
arc (say, the arc e) coming out of G by condition (C1). Now DnV (G) is an S2NS
digraph by the fact DnV (G) 2 D and the minimality of D. On the other hand, it is
easy to see that any S2NS signing of DnV (G) can be extended to an S2NS signing of
D. This also contradicts the assumption that D is not an S2NS digraph.
(iii) For any intermediate component M of D, there are arcs connecting M to at
least two initial (and two terminal) components.
For otherwise, suppose there is only one arc (u; z) from some initial component to
the component M . Let (xi; yi) (i=1; : : : ; k) be all the arcs coming out of the component
M (to some terminal components, by condition (C4)), see Fig. 9.
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By the minimality of D we know that DnV (M) is an S2NS digraph, so the arcs of
DnV (M) can be suitably assigned the signs so that the resulting signed digraph SM
is an S2NS signed digraph. We then assign the signs to the other arcs of D in the
following way:
(a) The strong component M is signed to be an S2NS signed digraph.
(b) The arc (u; z) is signed positive.
(c) The arc (xi; yi) is signed to be the product of the (common) sign of all the paths
in SM from u to yi (if any) and the (common) sign of all the paths in M from z
to xi (i = 1; : : : ; k).
It is not hard to verify that under such signings of the arcs of D, the resulting signed
digraph is an S2NS signed digraph, contradicting the assumption that D is not an S2NS
digraph.
Similarly, there are arcs connecting M to at least two terminal components. Thus by
condition (C3), D contains exactly two terminal components, say, T1 and T2.
Now let D^ be the condensation digraph of D, let B^ be the subdigraph of D^ induced
by those vertices of D^ corresponding to the initial and intermediate components of
D, let B0 be the underlying undirected graph of B^ (obtained from B^ by ignoring the
directions of all the arcs of B^). Then B0 is a bipartite graph by condition (C4). Also, by
the above proven conditions (ii) and (iii), the degree of every vertex of B0 is at least
two, so B0 contains some cycle C (otherwise B0 would be a forest and would contain
a vertex of degree one) with some even length 2k (k>2). Let D1 be the subdigraph
of D induced by all the vertices in T1 and T2 and all the vertices in those strong
components of D corresponding to the vertices in D^ which are on the cycle C. Then
it is not hard to verify that D1 has the same condensation digraph with D(t1; : : : ; tk)
since C is a cycle of length 2k. So D1 is an S2NS digraph by conditions (C1), (C2)
and Theorem 2.1.
Take an intercomponent arc e of D1 so that its corresponding arc in D^1 is in the
cycle C (after ignoring its direction). Then Dnfeg is an S2NS digraph by the fact
Dnfeg 2 D and the minimality of D. Let S(e) be an S2NS signed digraph with Dnfeg
as its underlying digraph and let S1(e) be the signed subdigraph of S(e) with D1nfeg
as its underlying digraph. Using Corollary 2.1 to D1 and e, we deduce that the arc
e can be suitably assigned a sign so that the combination of this sign and the S2NS
signed digraph S1(e) is an S2NS signed digraph S1 with D1 as its underlying digraph.
We claim that the signed digraph S obtained by combining this sign of the arc e and
the S2NS signed digraph S(e) is an S2NS signed digraph with D as its underlying
digraph. We prove this claim as follows.
Let P and Q be any two paths in D with the same initial vertex (say, x) and the
same terminal vertex (say, y). If both P and Q contain the arc e, then both P and Q
are paths in D1 (by condition (C4)), so P and Q have the same sign in S since S1
is an S2NS signed digraph. If neither P nor Q contain the arc e, then both P and Q
are paths in Dnfeg, and so P and Q have the same sign in S since S(e) is an S2NS
signed digraph. Now suppose that P contains the arc e and Q does not contain the arc
e. Then by condition (C4) P is a path in D1. It is easy to see from the structure of
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D1 that there is another path R in D1 from x to y which does not contain the arc e.
Now P and R have the same sign in S since they are both the paths in D1 and S1 is
an S2NS signed digraph, also Q and R have the same sign in S since they are both
the paths in Dnfeg and S(e) is an S2NS signed digraph. So P and Q have the same
sign in S. Also it is obvious that every cycle of S is an cycle of S(e) whose sign is
negative. So S is an S2NS signed digraph. Thus D is an S2NS digraph, a contradiction.
This completes the proof of the theorem.
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